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Distribution Equilibrium Between a Bulk
Phase‘ and Small Pores

The pore-bulk distribution coefficient K for a solute species is calculated by
modelling the solute molecules as hard spheres. K is expanded in a virial-type
series in powers of the bulk-phase concentration. The leading term is the Henry’s
law constant. The next two coefficients are reported for three pore shapes.

E. D. GLANDT

Department of Chemicol Engineering
University of Pennsylvania
Philadelphia, Pennsylvania 19104

SCOPE

The phase equilibrium between pore and bulk solutions is
relevant to several separation processes, such as adsorption,
exclusion (gel-permeation) chromatography, and membrane
transport. Of particular interest is the case of micropores, i.e.
of pores whose characteristic linear dimension is within one
order of magnitude of the size of the solute molecules. In many
cases, the equilibrium between pore and bulk phases is domi-
nated by an adsorptive (attractive) or a repulsive field exerted
by the walls of the pore. Even in the absence of any such field, a
partition process occurs due to the finite size of the solute
molecules, which creates an exclusive region adjacent to the
pore walls. All of these effects result from the interaction of

single, isolated molecules with the pore walls, and are well
understood. They correspond to the Henry’s law regime, of

proportionality between the concentrations in the bulk and in
the pore. The present paper deals with the solute-solute inter-
actions within the pore, which are important at all but the
lowest concentrations, although they have been ignored to
date. Because of these interactions, the distribution coefficient
becomes concentration-dependent. Our goal has been to eluci-
date the nature of this dependence for micropores of three
different shapes: a flat slit, an infinitely long circular cylinder
and a spherical cavity.

CONCLUSIONS AND SIGNIFICANCE

The pore-bulk distribution coefficient for a single solute
whose molecules are modeled as hard elastic spheres can be
expressed as a series in powers of the bulk concentration, Eq.
29 in this work. The leading term of this expansion is the
Henry’s law constant, and corresponds to the well-known steric
exclusion effect due to the finite size of the molecules. The next
two coeflicients in the series were calculated. The calculation
was done analytically for the case when the pore is shaped as a
flat slit, and numerically for cylindrical and spherical pores.
These coefficients are the most important results of the present

research, and are shown as Eq. 34 and 35 and in Tables 2 and 3.

Often the distribution coefficients determined experimen-
tally are found to be larger than the simple steric-exclusion
value, and the difference is generally explained in terms of
attractive forces (adsorption) due to the pore walls, or to
changes in molecular configurations. The results reported here,
which apply to pores with hard, nenadsorbing walls, introduce
the effect of solute-solute interactions within the pores. They
can be used to discriminate whether adsorption indeed exists,
and to decide on its importance.

INTRODUCTION

This work deals with the properties of pure fluids and of
molecular and colloidal solutions contained inside micropores,
i.e. pores whose characteristic linear dimensions are compara-
ble to the size of the fluid molecules (in the case of pure fluids) or
to the size of the solute molecules or particles (in the case of
solutions). The partition or distribution equilibrium between
the pore and bulk phases is extremely relevant to various ad-
sorption processes, to exclusion (gel permeation) chromatog-
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raphy, and to membrane transport and separations. The prob-
lems of the distribution of a pure fluid and of a single solute in
solution can be described by formally identical equations, as we
shall see below. The results presented here, however, are based
on the properties of hard spheres and are thus of much greater
relevance to the case of nonelectrolytic solutes. Consequently,
we shall favor the language of solutions and refer to the distribu-
tion of solute molecules or particles.

The distribution coefficient is defined as the ratio of the
average concentration inside the pore to the concentration of the
bulk phase in equilibrium with it. The average intrapore con-
centration, however, is not a uniquely defined quantity, since it
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Figure 1. A schematic section of hard-spherical solute particles in a pore.

is the ratio of the (unambiguous) total number of solute moles or
molecules contained within the pore to the volume of the pore.
The latter quantity must be always specified, since it can be
defined in several ways, and the differences between the various
definitions can be significant when dealing with micropores.

The problem of the prediction or interpretation of a distribu-
tion coefficient value can lead to either of two situations, accord-
ing to whether or not the particle-particle interactions must be
taken into consideration. At very low concentrations, only the
interactions between the pore and single, isolated particles are
relevant. This is the Henry’s law regime, in which the partition
coefficient remains a constant, the Henry's law constant. The
range of concentrations within which Henry's law is valid is
primarily determined by the character of the intermolecular
forces acting in the system. This range will be extremely narrow
in the case of charged species, because of the long-ranged elec-
trostatic interactions, and also if particle adsorption occurs onto
heterogeneous sites on the solid surface.

In general, the Henry’s law constant can be much greater than
unity if the pore walls exert an attractive adsorptive action, and
also much less than unity if repulsive forces are present. When
neither effect is present and the pore walls simply behave as
hard walls, the Henry’s law constant is not unity but smaller.
This is due to the existence of an excluded volume, adjacent to
the pore walls, that is not accessible to the center of the particles
due to their finite size, Figure 1. This has been studied in great
detail by Giddings et al. (1968) for particles of various shapes
inside pores of single and of distributed sizes. The important
case of flexible polymer-chain solute molecules has been
addressed by Casassa (1967, 1976), Casassa and Tagami (1969),
Daoud and de Gennes (1977), and Brochard and de Gennes
(1979).

When the concentration is increased to the higher values
found in many practical situations, Henry's law no longer holds.
In other words, the distribution coefficient becomes
concentration-dependent. On one hand, the bulk-phase proper-
ties are affected by particle-particle interactions. Even when the
particles do not attract or repel each other, they interact due to
their mutual impenetrability. Interparticle exclusions cause
short-range order in the bulk solution. This ordering effect,
however, is even more pronounced inside the pores because the
pore walls induce an anisotropic structure, i.e. an incipient
layering. The breakdown of Henry's law is thus directly related
to the appearance of density inhomogeneities inside the pore,
primarily of a region of high concentration in the immediate
vicinity of the pore walls. The present work is concerned with
the influence of particle-particle interactions on the distribution
equilibrium. We have already studied the local effects and
reported results for the concentration profiles inside pores of
various shapes (Glandt, 1980), profiles which are necessary for
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the estimation of transport coefficients inside pores and mem-
branes (Anderson and Quinn, 1974; Brenner and Gaydos, 1977).

The concentration dependence of the distribution coefficient
is a well-established experimental fact (Satterfield et al., 1978).
Ithas been attributed, in many cases, either to adsorption inside
the pores or to changes in the intramolecular configuration of the
molecules upon entering the pores. These explanations, al-
though plausible for some systems, do not follow from the
concentration dependence, since the same effect is also charac-
teristic of rigid, nonadsorbing particles. The important question
of distinguishing whether adsorption is or is not present in a
given physical system, and of whether the porous material
exerts an influence other than just through pore size, must be
answered quantitatively. A main test, which the results
presented here intend to make possible, is whether the mea-
sured concentration levels inside the pores are above what
should be expected for nonadsorbing solute molecules.

The virial-type approach to the properties of solutions en-
closed by solid walls developed by Bellemans (1962) allows us to
introduce successive corrections to Henry’s law, corresponding
to the simultaneous interaction of two, three, etc., solute
molecules. The following sections review the virial treatment of
interfacial effects for the case of a pure fluid and of a single-solute
solution, respectively. We also present our results for the virial
expansion of the partition coefficient for three pore shapes: a
parallel-walled slit, a cylindrical pore, and a spherical cavity.

I?I'.fl-ll-ngUTION COEFFICIENT FOR A NONADSORBING PURE

The starting point in the virial treatment of a bulk fluid is to
postulate that the logarithm of the grand partition function can
be expanded in a power series in the density:

By} 1)

(\ZE

InE=V
A

where B, is the k-th virial coefficient, and B, = 1. The virial
coefficients can be found, in principle, as integrals involving the
intermolecular forces. Their units are chosen here in such a way
that ¢, represents the molar density or concentration of the fluid.
The partition function is related to the thermodynamic proper-
ties of the fluid by the fundamental relation of grand ensemble
theory, which identifies RT 1n E with the sum of the products of
the acting generalized forces and their conjugate generalized
displacements. For a pure bulk fluid this is simply

RT In E = pV )

1

We consider now the case where the fluid is contained inside a
small pore or cavity. The hard wall of the pore, X, encloses a
volume V as shown in Figure 1. Inside X lies the surface of
closest approach, X', which encloses the effective volume V'
accessible to the center of the molecules. Eq. 1 is formally valid
in this case, but the virial coefficients become unwieldy func-
tions of the pore geometry. Bellemans (1962) succeeded in
separating the coefficients of Eq. 1 into two parts, one contain-
ing “volume” contributions, i.e. the purely intermolecular ef-
fects (still characterized by the bulk virial coefficients By) and a
second part due to interfacial effects. The expansion becomes

InE=(V+By) 3Bk + 3 Bun cf &)
k=1 m=2

The quantities B, are the wall-particle virial coefficients,
which are calculable in terms of intermolecular and wall-particle
forces. For hard-walled pores, the coefficient B, is simply the
negative of the so-called excluded volume, V-V’. Thus, the
factor V + B, can also be written as V',

In general, the density of the fluid in equilibrium inside the
cavity will be nonuniform, although its chemical potential and
activity will be the same throughout. The quantity ¢ in Eq. 3
represents the limiting molar density far from the walls, i.e., the
density of a butk phase in equilibrium with the fluid inside the
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pore. For large pores; this density will also be found in some
regions of the pore itself. In the presence of a boundary the
fundamental relation (Eq. 2), must be written as:

RT1InE=pV —yA “)

where 7 is the surface tension. It must be recalled that for other
than flat boundaries the choice of the area A, and thus of y, will
not be unique. A comparison of Eqs. 3 and 4 allows us to
identify:

V %
P =V I B (5)
T k=1
and
YA o
aT " " 2Bt ®

The distinction between bulk and surface contributions to the
partition function implied by Egs. 5 and 6 is not the only
possible separation, but it is the most convenient. The equilib-
rium number of moles inside the pore is found from the basic

relation
n B
"= (e ) @

and it is a quantity defined without ambiguity. The variable a in
Eq. 7 represents the uniform activity of the fluid, which is
related to the (also uniform) molar chemical potential of the fluid
by:

duw = RT dlna 8)

Eq. 8 does not suffice to uniquely determine a. Although a
complete definition of a is not necessary for the purposes of Eq.
7, it requires that a standard state of unit activity also be
adopted. We choose such a state to be the ideal gas bulk phase at
unit molar concentration and at the same temperature, so that:

lim — = 1 ©)

=0 Cp
The resulting activity, thus, has the units of a molar concentra-
tion. This definition is related to the commonly used fugacity of
the fluid by a = f/ RT. The fugacity scale is an activity scale also,
but is based on the so-called reference state: the ideal-gas fluid at
unit pressure and at the same temperature. From Eqs. 3and 7,
the following result is derived (Bellemans, 1962):

ZmBu‘m o
n=Vie+22 (10)

S k B "

k=1

Theleading term in Eq. 10, of first order in the equilibrium bulk
concentration, contains the exclusion effect due to the hard pore
walls. The higher-order terms are associated with interparticle
effects. B, reflects the influence of the simultaneous interac-
tion of m molecules and the pore walls.

The denominator in Eq. 10 contains the virial coefficients of
the unbounded bulk fluid. The first seven coefficients for the
hard-sphere gas are shown in Table 1 (Kratky, 1977). The virial
equation of state for the unbounded fluid is:

Do = 3 Bed ay
k=1

Cy RT

with, as usual, B; = 1. Thus, the denominator in Eq. 10 can be
readily identified as the dimensionless isothermal bulk modulus
of the fluid

L () L Skn, o
= (mr-glkskcﬁ (12)
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TaBLE 1. VIRIAL COEFFICIENTS FOR A FLUID OF
HARD-SPHERICAL PARTICLES OF DIAMETER dé COEFFICIENTS
TABULATED IN THE DIMENSIONLESS FORM, B, = B, (N d*)1.

k B

2 2.0944
3 2.7416
4 2.6362
5 2.1219
6 1.5676
7 1.1563

whose inverse is the dimensionless isothermal compressibility
k7 = RT (3cy/dp)r; and we rewrite Eq. 10 as:

n=YV cp + K¥ 2 m Bym cf (13)

m=2

For computational purposes, it is convenient to replace the
series expansion of the compressibility of the bulk fluid with an
expression in closed form. The most widely accepted (and a very
accurate) equation of state for a fluid of hard particles is the one
proposed by Carnahan and Starling (1969),

p _l+tn+n-74
CbRT (1—7))3

where the packing fraction of the bulk phase is defined as 9 =
weyd®N /6, with d being the hard-sphere diameter and N, Av-
ogadro’s number. From Eq. 14, the reduced compressibility is
found to be:

(14)

(1-

wF = 1-4n +4n* —4n’ + n¢

(15)

It is of interest also to include here the corresponding expression
for the activity of the bulk fluid of molar density ¢,, as obtained
from the same equation of state, since it is also the uniform
activity inside the pore. If the activity is defined by Eqs. 8 and 9,
by standard thermodynamic manipulations:

8n—9n + 37 ]
-y

A commonly used parameter in the study of phase equilibria is

the distribution coefficient K. It is defined here as the ratio

between the average molar density ¢ = n/V inside the pore and
the concentration in the bulk phase, and from Eq. 13 it is

a = ¢, exp [ (16)

c v’ K¥ &
R i -1
K o v V ggzm Buw & (1"

which can be written in the form
K=K, +Kc,+K &+ ... (18)

where K, = V'/V is the Henry's law constant for the pore
phase-bulk phase equilibrium.

When dealing with fluids surrounded by nonmicroporous
solid walls, it is customary to express the equilibrium conditions
in the form of an adsorption isotherm T(c,), where the surface
excess is

n— Vct,
A
In the case of micropores, however, the adsorption process is

one of volume filling rather than of surface covering, and the use
of K(cp) is preferred here to that of I'(c,).

= (19)

DISTRIBUTION COEFFICIENT FOR A SOLUTE SPECIES

The virial expansion represented by Eq. 1 is strietly appli-
cable to gases at low and moderate densities. McMillan and
Mayer (1945) showed that there is a one-to-one formal corre-
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Figure 2. Concentration profile for hard spherical particles in a narrow slit.

The ordinate represents the dimensionless molar concentration ¢* =

cd®N .

spondence between an imperfect gas and a dilute solution. The
intermolecular potential, which enters into the computation of
the gas-phase virial coefficients, must now be replaced by the
interaction between two solute molecules, averaged over all the
possible configurations of the solvent molecules around them.
The solute-solute virial coefficients are the so-called osmotic
virial coefficients By (5, T), where p, is the chemical potential of
the solvent. For a bulk solution in which the molar concentra-
tion of the solute is ¢;, the McMillan-Mayer analogue of Eq. 1is:

In—e =V 3 B ch (20)
o k=1

where E, denotes the grand partition function of the pure
solvent at the same chemical potential as in the solution. The
left-hand side of Eq. 20 thus represents the change due to the
addition of the solute. In grand ensemble theory, this change
must be proportional to the osmotic pressure IL:

RT In—

=7

=T1Iv @1)

When the solution is enclosed by a boundary or interface, as
happens inside a pore, the addition of the solute will also cause a
change in the interfacial tension:

11

—

RT 1n =1V — (y -

= Yo) A (22)
~0

where v, is the interfacial tension of the pure solvent at the same

chemical potential as in the solution, and where A is the surface

area of the interface. Bellemans (1962) separated the bulk and

interfacial effects of solute addition on the virial coefficients of

Eq. 20:

= (V + By,y) 2 By Cl}; + 2 Bim b (23)
m=2

k=1

m

In

o

where the B, are still the bulk osmotic virial coefficients, and
where the B, are the wall-solute virial coefficients. The B,
are also based on solvent-averaged interactions. A comparison of
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Eqs. 22 and 23 yields the identifications,

Il = RT Y By ¢k (24)
k=1
— Y.)A ol C
_(ul_ = - Bu‘l E Bk C’z; - Z Bu-m Clb"
RT k=1 m=2

(25)

Eq. 24 is the virial osmotic equation of state. Obviously, B, = 1,
since Van't Hoff's equation holds in the very dilute limit. The
number of moles of solute inside a pore in equilibrium with a
bulk phase of concentration ¢, can be obtained by differentiation
of Eq. 23 and is (Bellemans, 1962):

2 m Bu‘m C;z"

n = (V + Bwl) Cp + _1"_12 (26)
2 k Bk Clbc'1
k=2

The distribution coefficient can be defined by:

c B, K
K=—_ =1+ 2" 4
Cp \%

<z

> m Bym ¢3! 27)
m=2

where ¢ is the average solute concentration in the pore, and
where k¥ is now defined as:

d ), -

As in the pure-fluid case, Eq. 27 can be viewed as a virial-type
expansion of the distribution coefficient:

K=K, +Kicp + Kach +... (29)

where the leading term is the Henry's law constant which, for a
pore with hard, nonadsorbing walls, is Ky = V'/V. Eq. 29 can be
expressed in dimensionless form by defining a reduced bulk
concentration c¥ = ¢,d*N 4, where N (is Avogadro’s number, and
the dimensionless coefficients are K = K,/(d®N,)". Thus,

K=K, + Krctr+ Ke> +. .. (30)

Eq. 27 represents a virial-type expansion of the average concen-
tration inside the pore. The same type of expansion is also
possible for the local concentration ¢(r) inside the pore, and it
has the general form (Bellemans, 1962):

or) = e Mo I+ ey ) + By ) +...]
(31)

where o(r) is the wall-particle potential, and where k is
Boltzmann’s constant. From Eqs. 29 and 31, it is obvious that

K 1 .

A B =K = [ e g0 02
We have recently calculated and reported (Glandt, 1980) the
coefficient functions y,(r) and y»(r) for hard-spherical molecules
inside pores of three shapes: a flat slit, an infinitely long circular
cylinder, and a spherical cavity. We have used those functions in
Eq. 32 to obtain K; and K, directly for the three cases, and the
results are presented in the following sections.

FLAT SLIT

Consider a fluid of hard spheres of diameter d placed in the
infinite region bounded by two parallel hard walls separated by a
distance D. These spheres can be viewed as a pure fluid or as
solute molecules embedded in a solvent. The pore region is
assumed to be in thermodynamic equilibrium with a bulk phase
of hard spheres, of molar concentration c,. The system is charac-
terized by the dimensionless ratio d/D = X = u~1.

AIChE Journal (Vol. 27, Ne. 1)



Figure 2 displays the concentration profile inside a slit for the
case A = 0.2 and for an equilibrium bulk concentration cf =
N,d’c, = 0.2. This concentration value corresponds to a solute
volume fraction of approximately 10%. The curves 1, 2, and 3 in
Figure 2 are from our previous calculations (Glandt, 1980)
which, in turn, are based on the single-wall results of Fischer
{1978). These curves show the results of Eq. 31 when truncated
after the first-, second-, and third-order terms, respectively.
Note that curve 1 accounts only for the effects of the interactions
of single particles with the pore walls, and it simply yields the
bulk concentration value, except in the vicinity of the walls,
where the steric exclusion effect is observed.

The addition of the higher-order terms introduces the
particle-particle interaction effects, and shows that indeed there
exists an increased concentration in the vicinity of the wall,
which cannot be ignored. The third-order term, in particular,
produces a “valley” or slightly depleted region, which is evi-
dence of incipient particle layering caused by the wall, even at
these relatively low concentrations.

The various terms in the expansion of the partition coefficient
K, Eq. 30, reflect the same effects as the terms in Eq. 31. The
leading term is the Henry’s law constant,

K,=1-2\ (33)
and is entirely due to the steric exclusion of single particles. The

next two coefficients are more conveniently expressed as Lau-
rent series in w = A7?

™
1 om M (34a)
13
=T [,u3 — 4uF + 16———] 1<u<2 (34b)
6 7
-113 #*
= e — >
K, YT m>3 (35a)
e 337707
E U S— —_ + 2
8640 [ m 41310 — 8901p + 19420u

6885u® + 642u* + 85u° — —979— ,U."']

2 < u<3 (35b)

The calculation for K; for 1 < p < 2 is a very difficult task. An
approximation can be easily constructed, since K, and its first
derivative must be continuous everywhere, and also K, must
vanish for u = 1. The approximation is:

1287 #* |

The limiting case of 4 > 1 (or of A — 1) may also be considered
from an entirely different viewpoint. When the slit width is only
slightly greater than the diameter of the particles, the centers of
the particles are constrained to the immediate vicinity of the
midplane of the slit. They become, essentially, a two-
dimensional system. When seen in projection, this system is
equivalent to a fluid of hard disks (i.e., two-dimensional hard
spheres). The particles are thus “adsorbed” in the narrow poten-
tial well between the two hard walls.

It is common practice in the study of such adsorbed
monolayers to postulate that the external contribution to the
thermodynamic properties of the fluid is separable into a contri-
bution from the two degrees of freedom parallel to the
monolayer, and another contribution from the very restricted
motion in the direction perpendicular to the walls. In this con-
text (Steele, 1974), the activity of the adsorbed phase is:

a = (DK())_] C2 ¢2 (37)

The last two factors constitute the parallel contribution: ¢, is the
two-dimensional, or superficial, molar concentration and ¢, is a
two-dimensional fugacity coefficient. We can calculate ¢, from
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Figure 3. Distribution coefficient between a narrow slit and a bulk phase as

a function of » = D/d. Each slit is in equilibrium with a bulk phase of

reduced molar concentrationc ;, = ¢, d°N 4. The solid curves are the result

of the exact expansion, i.e., Eqs. 33 to 35. The dashed lines represent an

approximation based on a two-dimensional model for the case of slits with
w <2

the knowledge of an equation of state for the hard-disk fluid. We
adopt here the equation proposed by Henderson (1977):

pe _ (1 - m) (1 +0128 9} — 0.043 n}

e RT 1= ) 8)

where p, is the two-dimensional pressure, or spreading
pressure, and where 7, is the two-dimensional packing fraction:

T

N2 = e Nic, & (39)

N, being Avogadro’s number. The two-dimensional molar con-

centration ¢, is simply related to the average (three-
dimensional) molar concentration by:

e =D¢ (40)

Henderson’s equation of state, Eq. 38, is in excellent agreement
with computer simulations of the hard-disk fluid, and it can be
regarded as almost exact at all fluid densities. Standard ther-
modynamic manipulations on Eq. 38 yield:

1.257
¢2 = (1 — 7’2)—-0.743 exp {1 s — 0.043 [(1 - 7]2)
0.9785 + 0.1287n3

UH
TaT n2)3] N :

The quantity DK, = D — d in Eq. 37 is the “perpendicular”
contribution to the activity ¢, and it vanishes when A — 1. If we

-2 1925} (41)

" substitute Eqs. 40 and 41 into Eq. 37, an expression for the

activity in the pore results, of the form,

7

=E—
a =1

A (42)
At equilibrium, this expression for the activity of the hard-
spherical particles inside the pore may be equated to their
activity in the bulk phase, as given by Eq. 16. The resulting
algebraic equation must be solved numerically for each value of
¢y to obtain the correspondingc and thus the partition coefficient
K =¢ / Cp.

Figure 3 shows the partition coefficient as a function of u =
D/ d for several values of cf. The solid lines indicate the exact
results. Again, we notice that the concentration dependence,

i.e., the effect of particle-particle interaction, is important. For
< 2, we have also plotted the two-dimensional approximation

January, 1981 Page 55



TABLE 2. DISTRIBUTION COEFFICIENT FOR HARD-SPHERICAL
PARTICLES BETWEEN A CYLINDRICAL PORE AND A BULK PHASE:
RESULTS FOR THE COEFFICIENTS IN EQ. 30 FOR DIFFERENT
VALUES OF A = d/D.

A K% K%
0.1 0.28245 —0.2648
0.2 0.50002 —0.4048
0.3 0.64946 —~0.3985
0.4 0.72474 —0.1767
0.5 0.71111 0.3615
0.6 0.56504 0.6940
0.7 0.35163 0.5775
0.8 0.16366 0.3029
0.9 0.04169 0.0809

represented by Eqs. 16, 41, and 42. It can be observed that this
approximation appears to continue the exact curves for small
values of i, i.e., for very narrow slits, but that it breaks down, as
it should, when u approaches the value of 2, the value at which
the system completely looses its quasi-two-dimensional charac-
ter. This breakdown occurs sooner for more concentrated sys-
tems.

CYLINDRICAL PORE

The coefficients y,(r) and y»(r) for pores of cylindrical and
spherical shapes have been computed numerically and reported
earlier (Glandt, 1980). The Percus-Yevick approximation (for
example, Barker and Henderson, 1976) was used to avoid some
very cumbersome integrations over the relative configurations
of clusters of three particles simultaneously interacting with
each other and with the pore walls. The Percus-Yevick approxi-
mation is known to be very accurate in dealing with short-ranged
repulsive potentials, such as that of hard spheres. The error
introduced by this approximation is probably a slight under-
estimate of the particle concentration in the immediate adja-
cency of the walls.

We consider, then, a system of hard spheres of diameter d
placed inside an infinitely long circular cylindrical pore of
diameter D = ud = d/ A and in equilibrium with a bulk phase of
hard particles of molar concentration ¢,. The partition
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Figure 4. Distribution coefficient between a cylindrical pore and a bulk
phase as o function of A = d/D. The parameter of the curves is the
dimensionless bulk concentration ¢, = c,d°N ..
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coefficient K = ¢/ ¢, relates the average concentration € inside
the pore (referred to the total pore volume V) to the bulk
concentration, and can be expanded as in Eq. 30. The leading
term is the Henry’s law constant,

K, = {1 — A (43)

The next coefficient in Eq. 30, K;, was calculated numerically
and is shown in Table 2 for different values of A. These results are
essentially exact; the number of figures reported reflects our
estimate of the numerical accuracy. The coefficient K, was also
calculated numerically but with the aid of the Percus-Yevick
approximation, Table 2. Figure 4 shows the partition coefficient
K as afunction of A for various values of c#. As in the flat-slit case,
the effect of concentration is appreciable, and it is most impor-
tant at intermediate values of A,

When A is very small, i.e., when the pore diameter is rela-
tively very large, the curvature of the wall may be neglected.
The concentration profile near the wall becomes essentially the
one found near a flat wall, which is known (Fischer, 1978). The
introduction of this profile into Eq. 32 yields:

kr=r(r - 2 )

3 as A — 0 (44)

Likewise, the Percus-Yevick estimate of K, shows the following
behavior at low A:

Ki‘zﬂ'z(-—_g)i%—)f) as A= 0 45)

The other limiting situation, that of A — 1 or of very narrow
pores, can also be studied in great detail and at all densities, as in
the case of the flat slit. Indeed, when the diameter of the pore is
only slightly greater than that of the particles, the centers of the
particles must lie very close to the pore axis, behaving effec-
tively as a fluid of “hard rods.” The hard-rod fluid, the one-
dimensional equivalent of the hard-sphere model, is a very rare
example of a model substance whose properties can be exactly
solved for. As before, the thermodynamic properties of the fluid
inside the pore can be separated into two parts: an axial and a
radial component. In particular, the activity can be written as:

a = Kﬁl (] ¢'1 (46)

where c; is the linear molar concentration of particles along the
pore axis, related to the average (three-dimensional) concentra-
tion within the pore by:

o = .li D é (47)

The quantity Ky in Eq. 46 is the radial contribution, i.e., the
Henry’s law constant for this “line adsorption” process:

Ky = % D (1 — AP (48)

The factor ¢y(c;) in Eq. 46 represents the one-dimensional
fugacity coefficient of the hard-rod fluid, and it can be readily
calculated from the equation of state of this fluid (Tonks, 1936):

P 1
— T ——— 49
¢,RT 1—-m (49)

with p, being the one-dimensional pressure, i.e., simply aforce,
and 7, the one-dimensional packing fraction:

M= Ned (50)
This coefficient ¢, is found to be:

i )
51
T—— (B
Substitution of Eqs. 47, 48, and 51 into Eq. 46 yields the activity
of the particles inside the pore as a function of the average
density ¢:

1
¢1: i~ exP(
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Recall that the activity has the dimensions of a regular molar
concentration. When equated to the activity of the bulk fluid in
equilibrium with the pore, Eq. 16, a relationship between ¢ and
¢y results, which determines K(cy).

The one-dimensional model for particles in a cylindrical pore
when A — 1 corresponds to the so-called “single file” or “in-line”
diffusion model for transport across pores and membranes
(Heckmann, 1972). It has been advocated that this picture of
solute molecules that cannot overtake other solute particles
within a pore is commonly realized in biological membranes and
might be responsible for their great selectivity. The introduc-
tion here of the one-dimensional approximation simply provides
us with a separate method for the calculation of K(¢p) in the A — 1
limit, a method that, unlike the virial approach, is valid at all
concentrations. In addition, other useful information can also be
obtained from the hard-rod model. Most interesting is the rela-
tive distribution of particles in equilibrium along the pore axis,
i.e., the pair correlation function. This distribution was first
derived by Salzburg et al. (1953), and a short and elegant deriva-
tion was also offered by Pickard and Tory (1979) very recently.
Consider a particle at any position on the pore axis. The local
linear concentration of other particles at a distance x from the
first one, measured along the axis, is given by the sum over the
probabilities that these other particles be the first-, second-, . . .
k-th nearest neighbors of the first particle:

WA g
1.local = -7 53
€1.10ca1 (%) k:zl fe ( p ) (33)

(52)

where [x] denotes the largest integer less than or equal to x, and
where the distribution of k-th nearest neighbors is:

ote)- ety |G

p [——C‘l(k_d 0_1 d") ] for k < % (54)
=0 for k > %

Also, the gap length € between neighboring particles along the
pore axis is distributed with a Poisson-type probability density

P(6) = ¢, e=¥ (55)

Figure 5 compares the partition coefficient obtained from Eq.
30 and the data in Table 2 (solid line) with the one-dimensional
model (dashed line) as functions of A and for a reduced bulk
concentration c§ = 0.2. Also included, as a reference, is the
low-concentration limit K, = (1 — A)®. The hard-rod model is
seen to provide an excellent approximation for A > 0.5, i.e., for
those cases when one particle cannot overtake another one
inside the pore. There seems to be a small systematic difference
between the solid and dashed lines in Figure 5, even when A is
very close to unity. This effect might be due to the Percus-
Yevick approximation, which would tend to lower the solid line
and to the neglect of higher-order terms in Eq. 30.

SPHERICAL CAVITY

Consider now a fluid of hard spheres of diameter d contained
inside a spherical cavity of diameter D and in equilibrium with a
bulk phase of molar concentration c;,. We need not consider
whether the pore-bulk equilibrium is established via openings
in the cavity wall or through other mechanism. The partition
coefficient can again be expanded as in Eq. 30, where the
Henry's law constant is:

K, =1 - M (56)
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Figure 5. Distribution coefficient between a cylindrical pore and a bulk

phase forc , = 0.2. The solid line is the result of the virial calculation using

the coefficients of Table 2. The dashed line is the result of the one-

dimensional approximation, using the hard-rod mode! described in the
text. The lower line is the low-concentration limit, K.,.

TABLE 3. DISTRIBUTION COEFFICIENT FOR HARD-SPHERICAL

PARTICLES BETWEEN A SPHERICAL CAVITY AND A BULK PHASE:

RESULTS FOR THE COEFFICIENTS IN EQ. 30. THE COEFFICIENT
K% was ESTIMATED WITH THE AID OF THE PERCUS-YEVICK

APPROXIMATION.
K4 K%
0.1 0.38066 —0.32816
0.2 0.59481 -0.35531
0.3 0.66445 —0.12584
0.4 0.61156 0.30659
0.5 0.45815 0.61652
0.6 0.25815 0.45529
0.7 0.11198 0.21356
0.8 0.03344 0.06527
0.9 0.00419 0.00821

The next coefficient, K, was calculated numerically as in Eq. 32
and the results are shown in Table 3 for different values of A =
d/D. For A > 0.5, this coefficient is given by:

Ki = = (<9N + 300* = 30A + 28 — I5KF + 6X°F — A9)

67

The coefficient K, was computed with the aid of the Percus-
Yevick approximation, and is also shown in reduced form in
Table 3. Figure 6 shows the partition coefficient K between the
spherical cavity and a bulk phase as a function of X\ for various
values of the reduced bulk concentration. The curves are qual-
itatively very similar to the corresponding plot for a cylindrical
pore, Figure 4, and the effect of concentration is seen to be also
significant here.

For very small values of A, the curvature of the wall may be
neglected and the concentration profiles near a flat wall used in
Eq. 32 to obtain

K* 2_3% 5\ — 13802 + 1130%) asA—0  (38)

and
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Figure 6. Distribution coefficient between a spherical cavity and a bulk
phase as a function of A = d/D. The parameter of the curves is the
dimensionless bulk concentration ¢, = c,d°N .

w .
K# T (—=5N + 30A* — 43M\%) asA— 0 (59)

Eq. 39 still assumes the Percus-Yevick approximation.

DISCUSSION

The results presented above would certainly be altered if the
interactions between the pore walls and the individual particles
were different from the hard, nonattractive potential considered
here. For nonuniform potentials, it would no longer be possible
to uniquely define V or V'. The Henry’s law constant must then
be calculated from the wall-particle potential v(r} inside the pore
as:

K, = [ exp [—o(e)/kT] dv (60)
v
and would be a function of the temperature. The integration in
Eq. 60 should include all portions of the pore in which the
integrand is not vanishingly small. The volume V can then be
arbitrarily chosen, as long as this condition is met. Steele and
Halsey (1954) performed this integration for an adsorbing poten-
tial consisting of a hard-core repulsion plus an attractive part
proportional to the inverse cube of the wall-particle distance.
Recently, an equivalent calculation was performed by Soto et al.
(1980) for adsorption in molecular sieve cavities. They showed
how, when only dispersion and repulsion forces are considered,
the computations can be approximated by the integrals used in
the Lennard-Jones and Devonshire hole theory of liquids.
We are particularly interested here in the case where the
particles experience a uniform potential v, either attractive or
repulsive, inside the pore, since our results for K; and K, are still
applicable there. The Henry’s law constant, as given by Eq. 60,
then becomes:
Vl
K, = ——
Eq. 18 is also valid under these conditions, but with the bulk
concentration ¢, everywhere replaced by the Henry's law value
cp exp (—v/kT). Although our results are for the simple case of
uniformly sized particles and uniformly sized pores, they may
also be immediately extended to a distribution of pore sizes

(Giddings et al., 1968).

kT (61)
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We recall, from Eq. 29, that the value of K is the result of two
effects. The steric exclusion, represented by K,, which is inde-
pendent of bulk concentration, is always less than unity. The
higher-order terms measure the particle-particle interactions,
which are different inside the pore and in the bulk due to the
layering influence of the pore walls. This latter contribution to K
is always positive for hard particles and is best measured by the
average excess concentration of particles inside the pore:

_ n — ¢V’
Cexe = _TL (62)
From Eqs. 17 and 62, it follows that:
e — K- K, (63)
Ch

For a given bulk concentration and particle size, Cey. is afunction
of the pore size. Notice that €y, must vanish for the two extreme
cases: when the pores are very large (A — 0) and thus the
influence of the pore walls is negligible, and also for very small
pores (A — 1), in which case, particle-particle interaction effects
are severely limited. Therefore, at each bulk concentration,
there must exist an intermediate pore size for which Cey is a
maximum. The corresponding size ratio, Ayax, can be deter-
mined from Egs. 29 and 61 and the data for K, and K,. We have
done so for the most important case of the cylindrical pore, and
found that Ay is well correlated by:

Amax = 0.394 + (0.0016 + 0.0521 cy» (64)
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NOTATION
a = thermodynamic activity
A = surface area

B = virial coefficients

Bk = wall-particle virial coefficients

e(r) = local concentration inside a pore

c = average molar concentration inside a pore

Cp = bulk concentration

¢ = linear molar concentration along a pore axis

Cs = surface molar concentration in the midplane of a slit
d = hard-sphere diameter

D = diameter or width of a pore

f = fugacity

k = Boltzmann's constant = R/N,

K = pore-bulk distribution (or partition) coefficient

K, = coefficients in the virial expansion of K

¢ = gap length between two particles on the pore axis
n = number of moles contained inside a pore

Ny = Avogadro’s number

p = pressure

” = one-dimensional pressure = force

P2 = two-dimensional pressure = spreading pressure

i

position vector inside a pore

ideal-gas constant

absolute temperature

pore-particle interaction potential

= pore volume

= volume accessible to the center of the molecules

= center-to-center interparticle distance along the
pore axis

= coefficients in the concentration expansion of the

density profile, Eq. 31

i

1

RNl
Il

o
=

Greek Letters

b% = surface tension
r = surface excess, defined by Eq. 19
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n = packing fraction in the bulk phase = 7c,d’N /6

uh = linear packing fraction = ¢,N,d

My = two-dimensional packing fraction = 7c,d®N 4/4

K = isothermal compressibility

Ky = dimensjonless isothermal compressibility =

RT(3cy/dp)r; group defined by Eq. 28
= size ratio = d/D
= size ratio = D/d; chemical potential
= grand-canonical partition function
= osmotic pressure
1 $2 = fugacity coefficients for a one- and two-dimensional
fluid, respectively

© OmE >

Subscripts
b = bulk phase

0 = pure solvent
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Gas-Phase Combustion in Fluidized Beds

Kerosine or propane was injected near the base of a small, air-fluidized bed of
sand at 940°C. The fraction of fuel burnt within the bed was determined from a

heat balance, for various particle sizes, fluidizing velocities, and bed depths.

J. F. STUBINGTON

Assuming the initial formation of a train of fuel vapor bubbles, theoretical

Dept. of Fuel Technology

analysis indicated two stages of combustion: (1) rapid consumption of the oxygen
initially between fuel vapor bubbles; (2) slow consumption of oxygen initially
outside the fuel vapor region by radial diffusion of oxygen and fuel vapor,
analogous to a diffusion flame.

Comparison of experiment with theory gave effective radial diffusion
coefficients of the same order of magnitude as the molecular diffusion coefficient.
It was inferred that combustion occurs largely by a diffusion flame within the bed,
with diffusion through the particulate phase being the rate-controlling step. This
explains why fuel distribution is so important in attaining efficient combustion.
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The objective of this work was to elucidate the mechanism of
combustion of oil or gas injected at a single point into an
air-fluidized bed of inert particles such as sand. Intuition
suggests that the high degree of mixing in a violently fluidized
bed would facilitate combustion, so that complete combustion

0001-1541-81-4213-0059-82.00. ®The American Institute of Chemical Engineers,
1981.
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would occur within a short distance from the point of injection,
})rovided the fluidizing air supplied was sufficient to burn the
uel.

On the other hand, when oil or gas is injected into an air-
fluidized bed, overbed burning may occur unless the number
of fuel injection points is adequate, perhaps 1/m? of superficial
area for a large industrial fluidized combustor. This work
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